INTRODUCTION
The control of the propagation of light with electric fields is of paramount importance in information and computing technologies. Those electro-optic (EO) effects are used in display technologies, 1,2 waveguide modulators, 3 or tunable microring resonators, 4 and are key to the development and optimization of optoelectronic devices 5 . Nowadays, technologies rely primarily on a modulation of the refractive index of a material which depends either linearly 6 (linear EO or Pockels effect) or quadratically (quadratic EO/Kerr effect 7, 8 ) on the applied electric field. There is thus a growing demand to find EO materials with EO constants superseding the standard 32.2 pm V −1 in LiNbO 3 . 9 Our calculations show that the proximity of phase transitions or the use of an original negative-like pressure effect 10 may lead to EO constants larger than 100 pm V −1 in ferroelectric films. Interestingly, it appears that the EO constants are reduced by one order of magnitude, when BaTiO 3 is deposited in thin films 11, 12 -which may be due to extrinsic effects. To improve the efficiency and miniaturization of EO devices, it is therefore important to discover and understand general mechanisms that can intrinsically enhance (rather than suppress) the EO constants in films. This work focuses on the EO properties of strained lead titanate. PbTiO 3 is a classical ferroelectric that is a member of a wide range of materials (such as Pb 1−x La x Zr 1−y Ti y O 3 or PLZT) which are known to exhibit large piezoelectric constants and have been under scrutiny to get large EO constants. 13, 14 Using accurate ab initio techniques, 9, 15 we explore a wide range of epitaxial strain conditions and identify general mechanisms resulting in large EO effects in ferroelectric PbTiO 3 films.
After describing the structure of PbTiO 3 under strain, we discuss below the clamped EO constants and link their large values under tensile strain with lattice instabilities at phase boundaries. Finally, we investigate the unclamped EO constants and further explain the origins of their large magnitude for some particular compressive strains-including the one induced by the technologically important Si substrate.
RESULTS

PbTiO 3 under strain
Using the ABINIT code, 16 we calculated the relaxed structures of PbTiO 3 under strain using a 20-atom supercell (see Fig. 1b ) to accommodate the monoclinic and orthorhombic phases existing under tensile strain. 17 The supercell is rotated by π/4 radians with respect to the Cartesian axes a 1 , a 2 , and a 3 (see Supplementary Materials). As depicted in Fig. 1b , the Cartesian axes exactly coincide with the pseudocubic axes of the 5-atom unit cell of the P4mm ground state of bulk PbTiO 3 . We shall refer to those Cartesian axes as the "lab axes". All tensor quantities are expressed in this basis. The in-plane lattice vectors of the supercell are kept fixed and their length imposed to generate a bi-axial strain, and the third vector is allowed to relax.
As observed in Fig. 1a , the energy of the tetragonal P4mm phase, with polarization along the tetragonal axis [001] in the pseudocubic axes, is the lowest under compressive strain and up to tensile strain of 0.8%-consistent with the fact that P4mm is the ground state of bulk PbTiO 3 . Beyond, and up to ≈1.3% tensile strain, a monoclinic Cm phase bridges the tetragonal phase with an orthorhombic Ic2m phase at larger tensile strain, in qualitative agreement with ref. 17 and the phenomenological work of ref. 18 . This orthorhombic phase has a polarization along a 110 h i pseudocubic direction.
We already note that the c/a ratio of the tetragonal phase shows a sharp increase at large compressive strain η ≃ −2.5% in Fig. 1c , which is reminiscent of the anomalous enhancement of tetragonality found in PbTiO 3 under negative pressure. 10 The piezoelectric constant d 33 exhibits a strong increase to 618 pC N −1 at this specific strain, as shown in Fig. 1d .
Clamped EO constants
The linear EO constants r ijk describe the first-order dependence of the inverse of the optical dielectric constant ε ij (approximated by the electronic dielectric constant) when a static or low-frequency electric field E is applied,
The clamped EO constants r η ijk can be decomposed into (i) a purely electronic term which depends on the second-order dielectric susceptibility χ 
with n i being a principal refractive index and V 0 is the cell volume. All quantities of Eq. (2) can be calculated by density functional perturbation theory (DFPT). 15 We give the clamped EO constants for the different phases in Fig. 2 , expressed in the Cartesian basis a 1 , a 2 , and a 3 -which corresponds to the pseudocubic axes in the P4mm phase. We note, using the Voigt notation for the first two indices, that only the components r 42 = r 51 , r 33 , and r 13 = r 23 are nonzero in the P4mm phase, each of which are denoted by blue circle in Fig.  2a -c, respectively. For the bulk clamped EO constants (corresponding to zero strain), we obtain r 51 = 40.0 pm V −1 , r 33 = 8.0 pm V −1 , and r 13 = 10.7 pm V −1 , consistent with the values in ref. 9 , which were computed using the experimental structure. At the boundary between the P4mm and Cm phases (η ≈ 0.8%), the average
, that is three times as large as the bulk value! r 33 and r 13 are also moderately increased with respect to their corresponding bulk values, by 32% and 7%, respectively, near this boundary.
In the orthorhombic phase Ic2m, in the lab axes, the only nonzero components of the EO tensor are r 11 = r 22 , r 12 = r 21 , r 31 = r 32 , r 43 = r 53 , and r 61 = r 62 , and are depicted in Fig. 2 too. r 43 strongly diverges when approaching the phase transition toward the Cm phase. Right before the boundary, a value of r 43 = −100 pm V −1 is predicted at a strain of 1.6%, while at η ≈ 1.3%, the Cm phase is slightly more favorable energetically, and the EO constant r 43 drops in magnitude to −24 pm V −1 . By comparison, in the metastable orthorhombic phase at this latter strain, r 43 is as large as −351 pm V −1 . The in-plane EO constants r 11 and r 22 , which are associated with directions having nonzero components of the polarization, are rather large at such strain too. They are ≈−23 pm V −1 , which is about the magnitude of the roomtemperature value of LiNbO 3 in the polar-axis direction (≈30 pm V −119,20 ). The Cm phase structurally bridges the P4mm and orthorhombic phases, which has an effect on EO coefficients. In particular, the diverging r 51 and r 43 EO constants smoothly vanish from each side of the P4mm-Cm and Cm-Ic2m transition, respectively; the diagonal EO constants r 33 and −r 11 are enhanced in the Cm state, reaching values beyond 30 pm V −1 . Similarly, there is a strong increase of the −r 61 constant in the middle of the stability window of the Cm phase (see Fig. 2d Enhanced EO effect by lattice instabilities To understand the origin of the strong divergence of the EO constants at phase boundaries in Fig. 2 , we performed a DFPT calculation of the phonon spectrum at the Γ point of our supercell in the tetragonal phase. Because we use a 20-atom supercell, we also actually obtain phonons from the Z = (0, 0, 1/2), M = (1/2, 1/2, 0) and A = (1/2, 1/2, 1/2) points in the first Brillouin zone, whose frequency evolution with strain are plotted as semitransparent lines in Fig. 3a . Those points cannot couple with long-wavelength light, and thus do not contribute to the linear EO effect. In addition, the frequency evolution of the TO phonon modes at Γ are plotted as solid lines in Fig. 3a , according to the relevant symmetry of each mode. The lattice vibrations at the Γ point are made of four modes transforming as the irreducible representation A 1 , one mode of symmetry B 1 and five doubly degenerate modes of symmetry E. 21 Because a mode must be Raman active and infrared (IR) active to contribute to the EO effect (see Eq. (2)), and given the symmetry of the Raman tensor and the IR selection rules in the P4mm, only the modes of symmetry A 1 (red modes in Fig. 3a) should contribute to r 33 and r 13 , which is indeed seen in Fig. 3b, c . Similarly, the E modes (blue modes) contributes only to r 51 = r 42 (see Fig. 3d ), while the mode B 1 does not contribute to EO constants.
Interestingly, we observe in Fig. 3d that most of the divergence of r 51 is carried by a single optical E mode, denoted as E (2) . This mode is the E mode that softens under tensile strain and whose frequency becomes imaginary at η ≈ 1.2% in Fig. 3a , as consistent with the ω À2 m dependency of a phonon contribution to the EO constant of Eq. (2). The divergence observed in the tetragonal phase of PbTiO 3 most likely explains the giant value of r 42 observed in tetragonal BaTiO 3 bulk at room temperature, 22 as the proximity of the transition to an orthorhombic phase causes an E mode to soften. 23 In BaTiO 3 bulk, this softening is temperature driven, while in PbTiO 3 films it is strain-driven but similarly results in the divergence of r 42 = r 51 . We note that the temperature softening in BaTiO 3 most likely allows to keep large effective EO constants in thin-film form 24 (≈150 pm V −1 ), and thus a clever phase transition engineering using both strain and temperature may result in giant EO constants.
One can also note a small softening of the A 1 modes near the P4mm-to-Cm transition, causing r 13 and r 33 to increase, albeit not in the same proportions as r 51 . In the orthorhombic phase, the large value of r 43 depicted in Fig. 2a is also the consequence of a single mode that softens near η = 1.2% (see Supplementary Material).
Unclamped EO constants In many cases, unclamped (or stress free) EO constants r σ ijk rather than the clamped (strain free) ones r 
In the case of a (001)-oriented film, we are not dealing with fully unclamped EO constants, but rather only partially unclamped in the third direction, i.e., r η 1 η 2 σ3σ4σ5η 6 ijk ; in other words, the material is free to deform its out-of-plane length (stress free along the third direction, hence the σ 3 superscript) and angles (hence the σ 4 and σ 5 superscripts), but the lengths and angle of the in-plane lattice vector are fixed (hence the superscripts η 1 , η 2 , and η 6 ). Only a handful of elasto-optic constants (namely, pi 3 , pi 4 , and pi 5 ) and piezoelectric constants (i.e., d 3k , d 4k , and d 5k ) are thus needed. Their calculation is given in the Supplementary Material, and the partially unclamped EO constants are shown in Fig. 4 .
The contribution of the elasto-optic and piezoelectric effects do not affect significantly the r 51 or r 43 unclamped EO constants in the P4mm and Ic2m phases, respectively, since the elasto-optic constant p 55 and p 44 , which couple to the diverging piezoelectric constants d 51 and d 43 , are small (see Supplementary Material). On the other hand, the p 33 and p 31 elasto-optic constants in the P4mm phase are rather strong (see Supplementary Material), and the large increase of the d 33 piezoelectric constant at η = −2.5% (see Fig. 1d ) induces very large unclamped EO constants r 33 ≈ 95.8 pm V −1 and r 13 = 127.1 pm V −1 in Fig. 4b , c. In comparison, at zero strain, r 33 ≈ 30.5 pm V −1 and r 13 = 25.2 pm V −1 , and a 3 and 5 time increase (with respect to the bulk case) is thus achieved under the compressive strain η = −2.5%! DISCUSSION Two different paths to design large EO constants in ferroelectric PbTiO 3 films are demonstrated here. Firstly, the strain-induced softening of a TO mode under tensile strain generates large contribution to the relevant EO constants. In this specific case, at the P4mm-Cm phase transition, the destabilization of an E mode 
1 , while the modes E (2) , E (3) , E (4) , and E (5) contribute to r 51 . b Mode decomposition of the EO constant r 13 . Red lines correspond to modes of A 1 symmetry, while the black line depicts the electronic contribution. c Mode decomposition of the EO constant r 33 . Red lines correspond to modes of A 1 symmetry, while the black line displays the electronic contribution. d Mode decomposition of the EO constant r 42 = r 51 . Blue lines correspond to modes of E symmetry, while the black line shows the electronic contribution of the P4mm phase leads to an extremely large response of the r 51 constant; similarly, at the Ic2m-Cm phase boundary, r 43 is large, while it vanishes in the P4mm phase. Such a mechanism has also been demonstrated for temperature-driven mode softening, typically in the tetragonal phase of BaTiO 3 bulk. In both PbTiO 3 films and BaTiO 3 bulk, the large increase of the clamped r 51 near the tetragonal-orthorhombic phase transition can be traced back to the divergence of the dielectric constant. 26, 27 The unclamped r 51 in BaTiO 3 bulk also receives a significant contribution from the combined elasto-optic and piezoelectric effect. 28 On the other hand, in tetragonal PbTiO 3 film close to the P4mm-Cm transition, the elasto-optic constant p 55 is too small, and despite the divergence of d 51 driven by the soft mode, the unclamped r 51 EO constant is not significantly further affected. The difference between unclamped and clamped EO constant is mainly mechanical (low-frequency) in nature through the piezoelectric effect. In PTO, that difference is small near the P4mm-Cm transition. Hence, PTO becomes particularly interesting, as a broad range of frequencies for the applied external electric field can be used without significantly affecting the EO constants in this strain region.
On the other hand, the large unclamped r 33 and r 13 of PbTiO 3 films obtained under the compressive strain η close to −2.5% are much more intriguing. They do not come from any phonon mode, nor from the electronic contribution, as no large clamped EO constant is observed around that strain (see Fig. 3b, c) . Rather, they come from the strong peak in the piezoelectric constant d 33 seen in Fig. 1d and thus represent an original way to improve EO constants, that is by using electromechanical effects only. The extremely large enhancement of the piezoelectric constant at −2.5% compressive strain is associated with the strong increase in tetragonality c/a observed in Fig. 1c . The latter is reminiscent of the behavior of PbTiO 3 under negative pressure. 10 Note that increase of the piezoelectric constants under negative pressure has been confirmed experimentally in PbTiO 3 nanowires recently. 29 The origin of this piezoelectric enhancement was attributed to the proximity of a first-order phase transition in the energy landscape. 10 It gives another route to design large EO constants in ferroelectric oxide thin films by mimicking "negative pressure" effects with strain, and can potentially be achieved in PbTiO 3 films grown on the common LaAlO 3 substrate, that should provide a strain close to −2.9%.
Overall, PbTiO 3 (and related compounds) in film forms thus represent an interesting alternative to LiNbO 3 for obtaining various large EO components, since one can selectively improve different EO constants by working either with tensile or compressive strain. In addition, we note that, at room temperature, the strain of epitaxially grown (001)-PbTiO 3 films on silicon (which will constitute an essential step toward the realization of miniaturized integrated EO devices), should be close to −1.6%, assuming a 45°epitaxy. 30, 31 At such strain, Fig. 4c reveals that the unclamped EO constant r 33 is ≈57 pm V −1 , which is already twice as much as that of the standard EO material, LiNbO 3 ! There are still technical issues that remain to be addressed from an experimental point of view. First of all, growth of perovskite oxides on Si is not straightforward, and often one resorts to the use of buffer layers such as SrTiO 3 , that can partially relax the strain, in the case of BaTiO 3 /Si for instance. 11 Other parameters, such as defects, or thermal expansion mismatch may relax part of the strain induced by the sole lattice mismatch (as considered in this work). Domain engineering, understanding the impact of the inhomogeneity of strain, applied electric fields, and dielectric losses near phase transitions are also necessary steps towards the design of efficient EO devices.
The two paths mentioned in this discussion section, as well as their elucidated mechanisms, can nonetheless serve as guiding principles to experimentally or computationally (via, e.g., machine learning techniques) discover various materials exhibiting large EO responses.
METHODS
We used the ABINIT 16 plane-wave code with norm-conserved pseudopotentials containing 14, 12, and 6 valence electrons for Pb, Ti, and O, respectively. We employed the nonspin-polarized local density approximation and a 50 Ha plane-wave cut-off. The structural relaxation was performed with a 4 × 4 × 3 k-mesh in the 20-atom supercell, and is achieved when the force on any ion is smaller than 5 × 10 −5 Ha Bohr . DFPT calculations of the EO constants are based on the linear variation of the electronic dielectric tensor when the system is perturbed by a lowfrequency/static applied electric field. 9, 15 As such, the calculated EO constants are dispersionless, and are valid in the limit when the wavelength of the incoming light is much larger than the absorption edge. The bandgap of lead titanate being around 3.4-3.9 eV, 32, 33 this holds for most visible and Infrared wavelengths. For DFPT calculations of the EO constants, the same plane-wave cut-off was used, but the k-mesh was densified to 7 × 7 × 5.
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